(N 



CENTRE DE PHYSIQUE THEORIQUE0 

CNRS-Luminy, Case 907 

13288 Marseille Cedex 9 

FRANCE 



Fluctuation of Dirac operator 

^ ; and equivalence principle 

o 

(N 



Mathieu MARCIANTE 



§^: Abstract 

General Relativity formulated with Noncommutative geometry allows one to obtain, via 
the fluctuation of Dirac operator, an exact equivalence principle : generation of curvature and 
Q I torsion from flat space. The fluctuation method presented in this report is applied on two 
\0 ' examples. 

^, 

en 

o 

> 

'X : stage of D.E.A.I 
^ : June 2007 



Directed by Pr. Thomas Schiicker 



1. UMR 6207 

- Unite Mixte de Recherche du CNRS, des Universites de Provence, de la Mediterranee et du Sud Toulon- Var 

- Laboratoire affilie a la FRUMAM - FR 2291 

2. D.E.A. Physique Theorique, Physique Mathematique et Physique des Particules 



Remerciements 



Un stage de recherche n'est reellement profitable a un etudiant, encore naif bien qu'assoiffe 
de connaissances, que s'il est guide et soutenu par des personnes sages et attentives a son 
epanouissement intellectuel. 

Ainsi, je veux remercier Thomas Schiicker de m'avoir offert ce stage et toutes ses precieuses 
exphcations sur le vaste domaine que recouvre ce sujet de physique theorique. Sa gentillesse et 
sa disponibihte m'ont ete d'un grand reconfort. 

Ce rapport de stage, plus que tous ceux que j'ai pu effectuer jusqu'a present, est enfin 
pour moi I'occasion de remercier I'ensemble des enseignants qui ont contribue a ma formation 
universitaire et qui ont su, de par la passion qu'ils vouent a leur discipline, mettre en exergue 
la beaute de cette science. 



Table des matieres 



Introduction [tI 

1 A look back on General Relativity l9 



3 Examples of fluctuation 

3.1 Hermiticity of Dirac operator and torsion of space . 

3.2 1*^' coordinate transformation : cartesian / polar . . 

3.3 2°^^ coordinate transformation : cartesian / spherical 



A.l Notations 

A. 2 Some useful definitions and theorems 

A. 3 Details of some calculations 

A. 3.1 Invariant volume form 

A. 3. 2 Mathematica code of example 2 

A. 3. 3 Curvature and torsion obtained in example 2 



1.1 Einstein theory and Einstein-Cartan theory 

1.2 General Relativity as gauge theory 

2 Fluctuation of the Dirac operator |13 

2.1 Generalized Dirac operator 

2.1.1 Short historical reminder 

2.1.2 Dirac operator and Differential Geometry 

2.2 Conjecture on the fluctuation 

2.3 Fluctuated Dirac operator 

2.3.1 Fluctuation : a preliminary description 

2.3.2 Fluctuation : general case 



13 
13 

15 
16 

11 
11 

21 



23 

27 
33 



Conclusion and outlook 39 



A Annexes kl 



41 
42 
43 
43 

45 
47 



TABLE DES MATIERES 



Introduction 



Since almost one century, one of the major challenges of Physics is the unification of the two 
fundamental theories that are General Relativity and Quantum Mechanics. Noncommutative 
Geometry offers a new mathematical way to reach this purpose, slightly guided by mathematical 
concepts governing modern physics : 

- geometrical concepts, obtained from gauge theories using differential geometry. 

- noncommutative algebra concepts, inspired from Heisenberg viewpoint of Quantum Me- 
chanics. 

Provided with Noncommutative Geometry, whose basic elements are spectral triples and a 
finite set of axioms, it becomes possible to integrate inside a single mathematical formalism 
gravitational, electromagnetic, weak and strong interactions. Gauge fields of the three last inter- 
actions then become, inside this formalism, connections of a discrete space and are interpreted 
as pseudo-forces associated to the gravitational field. 

One of the elements of this formalism is a self-adjoint operator V, unbounded, with compact 
resolvent and acting on a Hilbert space. Applied to high energy physics, this operator will be 
the Dirac operator : P = p. It has now two important roles : 

- it determines fermion dynamics via Dirac equation. 

- it encodes the space-time metric and thus become a dynamical object. 

Indeed, in the same way that one can determine the electric or magnetic field by measuring 
the shift of the spectral lines of atoms immersed in these fields (Stark and Zeeman effects res- 
pectively), the Dirac operator spectra allows one to retrieve informations on the gravitational 
field via the distance formula. 

The purpose of this report is to show that the Noncommutative Geometry, when a spec- 
tral triple is chosen equivalent to a Riemannian geometry allows, via the fluctuation of Dirac 
operator, the obtention of an exact equivalence principle : generation of curvature and torsion 
from flat space. 

It is not the purpose of this report to introduce the Noncommutative Geometry, its appli- 
cation to the context of high energy physics being easily found |SCH01] . |SCH02] . |KRA01] . 
|STE01] . Hence, we will restrict its introduction to the elements taking part to the fluctuation 
method. 

We begin this report by a short reminder on General Relativity, which will lead us to introduce 
the equivalence principle and to show the necessary formalism for applying the Dirac operator 
in curved space. We then introduce the fluctuation method in a simple case, and formalize it 
to the more general case. We flnish by exemplifying this fluctuation method on two examples 
using coordinate transformations. The flrst one takes place in a space of dimension 2, using the 
coordinate transformation cartesian/polar, the second one takes place in a space of dimension 
3, using the coordinate transformation cartesian/spherical. 



INTRODUCTION 



Chapitre 1 

A look back on General Relativity 



General relativity is the theory that describes gravitational interactions. Space-time is 
interpreted as a pseudo-Riemaniann manifold M on which test masses follow, in absence 
of other forces, geodesies of the manifold. The pseudo-metric g{x), dynamical variable of 
the theory, plays the role of the gravitational potential and the connection r(x) that of the 
gravitational field |GfcS01] . 

This chapter makes use of some definitions and theorems which are, for clarity, gathered in 
the appendix. We consider a manifold M of dimension 4 standing for the space-time, on which 
a metric g is defined. 

One of the foundations of General Relativity is the covariance concept. To design this theory, 
Einstein was guided by the idea that equations allowing one to describe physics have to conserve 
the same mathematical structure in every inertial frames (covariance under the Poincare 
group : 5*0(3, 1) + translations from Special Relativity) and in every frames only subjected 
to gravitational forces : frames in free fall (covariance under the diffeomorphims of the mani- 
fold : Diff(M)). The mathematical entities that possess such property are qualified as covariant. 

Another major concept of the theory is the equivalence principle. Starting from a reference 
frame in which the observer measures a gravitational field, one can always bring him, by 
an appropriate transformation (by the action of an element of Diff(M) onto the coordinate 
system of this observer) to a reference frame whose motion compensates the gravitational field 
and cancels its effect, which means that physics will then be properly described by Special 
Relativity |BLA01j . This corresponds to the usual scene in which an observer in an elevator 
become weightless after the pull up cable has been (intentionally!) cut. 

However, this equivalence principle is local (in the sense "spatially restricted"). Indeed, 
when the gravitational field is not uniform, an observer making experiments in a free falling 
laboratory, a spatially extended place, will experience the gradient of the gravitationnal field, 
and will thus detect tide-generating forces. The equivalence principle is thus : 

Every free falling reference frame is locally equivalent to an inertial frame. 

The equivalence principle is only exact on the world line of a point particle ; this is the Fermi 
coordinate system. 
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1.1 Einstein theory and Einstein-Cartan theory 

The formalism of General Relativity, such as designed by Einstein, does not allow to insert 
spinor objects. This is however required if one wants to take into account for elementary 
particles, which are in the biggest proportion fermions. It is Cartan who allowed to use spi- 
nor objects within the framework of General Relativity, by making use of non holonomic frames. 

In General relativity, the space-time metric g plays the role of the dynamical field giving 
birth to gravity. The first goal is thus to determine the differential equation ruling this field. 
However, the metric being is a bilinear symmetric form and a differential equation for this 
kind of object does not make sense. For that purpose, one can use a frame that allows to 
represent the metric by a symmetric 4x4 matrix : the metric tensor (of rank 2), for which a 
system of differential equatiosn makes sense. However, the metric is globally defined over the 
manifold, and the use of a local frame to describe it brings an arbitrary into the equations : 
the choice of frame is the gauge of the theory. We will look closer on the difference between 
Special Relativity and General Relativity at this point : 

• Special Relativity : 

- The flat space-time is describe by the Minkowski metric rj : 
=^ g^u = rjfj,y for every inertial observers, ((/^y is thus fixed). 

- Relativity principle : two inertial observers describing the same physics, their respective 
reference frame e^ and e^ are deduced from each other by a Lorentz transformation A^ 
such that : 

iK'^VK')^, = Va, (1.1) 

^ (AJ^, G 50(3, 1) 

• General Relativity (Einstein viewpoint) : 

- The curved space-time is described by an arbitrary metric g solution of the differential 
Einstein equation : 

=^ {g{x)) is different for every observer. 

- Equivalence principle : considering the frame /3^(a;) of an observer describing a curved 
space-time, one can always get the reference frame /3^(x) of an observer describing a flat 
space-time, by an appropriate transformation {Kip{x)Y ^ : 



V((?(x))^, 3(A^(.))^^s.t. : {k-/{x)g{x)k-\x))^^ = {fj{x))^^ (1.2) 

{A^{x)f^ e "GL4(M) 



where ip G Diff(M) ; {A^{x))^^ is the jacobian of the diffeomorphism ip. 

The coordinate system x'^ related to the metric tensor (^(a:)) is the Fermi coordinate system. 

This metric tensor is equal to tj^u only along a geodesic line. 
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The problem of inserting spinors in the Einstein formahsm of General Relativity comes 
from the fact that Dirac matrices are defined using a Clifford algebra, which requires to use an 
ortho normal frame, whereas the group GL^Ir) does not possesses a spin cover. 

However, and what follows will lead us to the Cartan solution, there are different ways for 
characterizing a metric g by using a frame : 

- One can choose a frame /3^(a;) (16 degrees of freedom), then the matrix which represents 
the metric tensor g^^i, characterizes, with its 10 degrees of freedom, the metric in this 
frame. The frame is indifferent, so the arbitrary on its choice (the gauge) corresponds to 
the 16-parameters group ^GL^iR) : 

10 (metric tensor) + 16 (frame) - 16 (gauge group) = 10 independent parameters. 

- One can choose an orthonormal frame e" associated to this metric (16 degrees of freedom). 
The matrix which represents the metric tensor does not possesses any degrees of freedom 
as it is given by rj^i, in this frame. The frame being orthonormal, the arbitrary on its 
choice corresponds to the 6-parameters Lorentz group 5*0(3, 1) : 

(metric tensor) + 16 (frame) - 6 (gauge group) = 10 independent parameters. 



Einstein uses the first characterization method but makes the implicit choice to use only frames 
deriving from a coordinates system : holonomic frames. This implicit choice comes from the 
fact that the covariance is realized under local diffeomorphisms (f of the manifold. Hence, the 
arbitrary is no more related to the choice of frame but rather to the choice of a coordinate 
system, which represents only 4 independent degrees of freedom, and forms a subset of ^GL^ = 
{A(a;)} (where A(a;) possesses 16 degrees of freedom) and does not form a Lie group. Hence, 
General Relativity, as designed by Einstein, does not allow one to use spinor objects and does 
not account for a gauge theory. 



1.2 General Relativity as gauge theory 

Cartan's approach to General Relativity allows one to insert spinors in the theory and to 
treat General Relativity as a gauge theory. 

Einstein required the covariance under diffeomorphisms of the manifold, Diff(M) (i.e. under 
the coordinate transformations : x'^ = ip'^{x)). These diffeomorphisms induce an arbitrary on 
the choice of frame restricted to holonomic (dual) frames : dx'^, dx". The set of elements which 
encodes the transformation laws {A^{x))'^^ G ^0-^4 (m) (which are jacobians of the diffeomor- 
phisms ip : dx^ = {A^{x))^ ^dx") does not forms a Lie group. 

Cartan will extend this set of elements to the whole group ^GL^Ir), by requiring a covariance, 
no more under the change of local maps of the manifold : Diff(M), but under the change of 
arbitrary frames ; two arbitrary frames /3^(a;), Pfj,{x) being related by an element A(a;) belonging 
to "0X4 (R). 

The set of permitted frames being now extended to non-holonomic frames, the Gram-Schmidt 
theorem ensures that we can obtain orthonormal frames, which will be written Ca in the follo- 
wing. The link between an orthonormal (dual) frame e", that Cartan called repere mobile, and 
an holonomic (dual) frame dx'^ is made by using a vierbein e""^ G ^GL4^{r) : 

e'^ = e% dx^" (1.3) 
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We thus have the relation : 

(gix))^, dx^ dx-^ = {g{x))^^ [e-\x))\ {e-\x))\ e« e" = r/,, e'^ e' (1.4) 

=^ {e-'^ix)gix)e-\x))^^ = r^at (1.5) 

This will allow one to reduce the gauge group and to insert spinors in the theory. 

Before this, we can make a little remark concerning the symmetric gauge. We can see that 
equation (ll.Sp expressed as : 

reduces in the euclidian case to ((7(2;))^^ = (e^(x) e(x))^^. Hence, using the symmetric gauge 
means expressing the vierbein (e(x))" by a symmetric matrix. Equation (II. 5p then reduces to : 

i9ix))^, = ie{x) eix))^,= {e\x))^^ (1.7) 

which makes explicit the fact that, using the symmetric gauge, one formally defines the 
vierbein by the square root of the metric. 

We return now to the gauge group. To every holonomic (dual is now implicit) frame, dx'^ 
and dx^, linked by a diffeomorphism (p G Diff(M) such that : 

x^ = ¥^^(x) (1.8) 

dx(^ = {A^{x)f^dx'' 

are related mobile frames e"" et "%" linked by an element (A^(a;))"^ such that : 

rfx^ = iA^{x)r^dx'' = iA^{x)r^{e-\x))\e' (1.9) 

= ("e-^(x,))'^^ V 
where, V = {^e{x^)r ^ {A,{x)r^{e-'\x))\ e' = {A,{x))\ e' (1.10) 

thus (A,(a:))'^, = {Hv{x)))\ {A,{x)r ^{e-\x))\ (1.11) 

The frames e° and %" being orthonormal, this transformation preserves the Minkowski metric 
tensor r^^,^, that is by definition the property of the element A^ from the Lorentz group 5*0(3, 1). 
However, the 16 parameters (A^)^^^ are constant parameters whereas parameters (A^(a;))"^ are 
functions on M : 

{A,{x))\e^S0{3A) (1.12) 

Hence, the use of vierbeins reduces the gauge group ^GL^^R) of the theory to the group 
^5*0(3,1). The latter possesses a spin cover, its elements will then be lifted to the spinor 
space |S(kn3] . 



Chapitre 2 

Fluctuation of the Dirac operator 



2.1 Generalized Dirac operator 

In this chapter, we present the generahzed Dirac operator, that we will simply call Dirac 
operator in the following. However, in this chapter, we will make a distinction between the Dirac 
operator <j) and the generalized Dirac operator p. We will see that the word "generalized" has 
to be understood in the same way that General Relativity generalizes the Special Relativity 
theory. 

2.1.1 Short historical reminder 

Dirac's operator is born from the attempts to unify the Special Relativity theory and Quan- 
tum Mechanics. In the beginning of the latter, a dual mathematical formalisms did exist : Ma- 
trix Mechanics, initiated by W. Heisenberg and giving an operatorial viewpoint on Physics, and 
Wave Mechanics, conceptually closer to classical mechanics because deriving from an evolution 
equation similar to the fundamental principle of dynamics (the ordinary differential equation 
due to Newton F = m a), the Schrodinger equation : 

'( = {1,2,3} 

where iptix"^) G L^ (R^) is the wavefunction, complex scalar function of four real variables. 

These two theories were in fact two different viewpoints of the same one that we call nowadays 
Quantum Mechanics. However, history made the choice to develop the one of Schrodinger and 
forgot, for some time, the Heisenberg viewpoint that Noncommutative Geometry brings back 
to hght. 

The attempts for unification between Quantum Mechanics and Special Relativity led physicists 
to find a version of the Schrodinger equation that is covariant under the Poincare group. 
Using the correspondence principle : 

E-^ ^^^t o^ pM ^ ,;, Q^^ (2.2) 

Pi — )■ — ih Ox^ 

and the relativistic invariant of the 4-vector energy-momentum : 

P^'P^ = — - P^ = rn^c^ -^ - h^ d^d^ = - h^U (2.3) 

13 
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lead to the formulation of the Klein-Gordon equation : 



m^c"^ 



where ip E L"^ 



c^dr 



ip{x^ 



D 






is still a complex scalar function. 



■ip{x' 



(2.4) 



This equation only addresses spin particles, and suffers from non-positive probability density. 
However, we can remark that this equation is covariant under the Poincare group, it is in fact 
invariant (D, m and ip being scalar quantities). 

In order to obtain an equation able to describe half-integer spin particles, and to suppress the 
negative densities problem, Dirac tried to obtain an operator formally defined as the square 
root of the operator appearing in the Klein-Gordon equation. To this purpose, he realized the 
linearization of this equation (with H= c = 1) : 



[D + m^] tlj{x^') = ^ [P^P^-m^] ^jix" 







(2.5) 



P^Pf, - m' 



{a^P^' + m) {^^P^-m) 
a^Pf" -f^P" -m^ + mP'' (7, 



(2.6) 



fi Cifi) 



where a^ and 7^ are constants introduced to obtain scalar quantities, their indices being those 
of 4- vectors. Comparing this equation with the Klein-Gordon one, we observe that the absence 
of linear terms in P^ imply : a^ = 7^ ; and we obtain the constraint on the 7^^ : 



7^7, P^P'' = P^P^ 



(2.7) 



Developing the components in this equation, and identifying the terms in the two sides of the 
equality lead to the constraint : 



{7^.7;.} = 2r7^^ 



(2i 



We see that here appears the underlying Clifford algebra, this constraint implying also that the 
7^^, have to be matrix elements. The simplest solution representing these 7^ matrices, named 
Dirac matrices, is of dimension 4. 
The Dirac equation reads : 



m) 



^aix") 







ou 



^ := tYd, 



(2.9) 



and ipcr G L^ (M^) is now a spinor and possesses four components. In this way is defined the 
Dirac operator <^. 

One observes that the Dirac equation is covariant under the Poincare group, but the trans- 
formation law is different from the one of a scalar or a 4-vector, it corresponds to the one of 
a spinor. We observe that the Dirac operator itself is a scalar and thus invariant under the 
Poincare group. 

However, the theory formulated with this equation is not satisfactory, its main shortage being 
the violation of causality. Moreover, it should be necessary to obtain a theory allowing one 
to describe a changing number of particles in order to take into account for the disintegration 
phenomenon. A solid theory will be obtained later, with the Relativistic Quantum Field Theory. 
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2.1.2 Dirac operator and Differential Geometry 

With the quest for unification, the General Relativity involved to generalize gauge theories, 
defined on Minkowskian spaces, to pseudo-Riemannian manifolds, generalization operated by 
Cartan (cf. Chapter 1). We will now be interested in incorporating the Dirac operator within 
the Differential Geometry formalism, which will be made in two steps : 

- one incorporates the operator in a Minkowskian space (gauge theories) 

- one expresses the operator in a non-inertial coordinate system (equivalent to curved space) 

Incorporation within a Minkowskian space 

The Dirac operator ^ := 27^^^ being a first order differential operator, it will be natural to 
define it from the exterior derivative d, whose action on a 0-form ip and a 1-form /3 is : 

dip\x = d^^{x) dx'' (2.10) 

d/3\x = d^(3y{x) dx^ A dx"" 

where dx^ is an holonomic frame not necessarily inertial. 

ip is now a 0-form belonging to L^ (C^) (spinor), located in a fiber whose structure group 
is Spin{2),l). Th action of the covariant exterior derivative D, is given by the addition of a 
connection (1-form with values in the Lie algebra spin{3, 1)) : 

D : A°M — > T*M C A^M (2.11) 

^(a;) ^ p^)|^ = D^M^) = {d,^{x) + (p (A))^ ^(x)) dx^ 

1 



d,^{x) + ^ {uj{x))^,^ 7V ^{x)j dx^ 

where A G so(3, 1) is an infinitesimal transformation and p its representation (which corresponds 
to the lift 5*0(3, 1) — )■ Spin{3, 1)) on the spinor space. The 7" are the Dirac matrices and Uab 
the spin connection |SCH02] . 

One can express, by use of the vierbein (e(x))" (cf. chapter 1), the Dirac operator in an 
orthonormal frame e" : 

(DV^),^ = D^|, ^lJ{x) dx'^ = {e~\x))\ D^\, V^(x) e'^ (2.12) 

We know thanks to the Gram-Schmidt theorem, that an orthonormal frame does exist on every 
chart of the manifold : a family of Dirac matrices (where 7" are constant matrices and identical 
in every frame) is thus locally defined in the tangent space TxM : 

l = rea\x (2.13) 

One can observe that this vector field, which is Dirac matrix valued, and the field of 1-forms 
Dip have inverse transformation laws under chart change and compensates each other. 
We finally define the generalized Dirac operator, on a Minkowskian space and in an arbitrary 
coordinate system, by the operator : 

p : A°M — > A°M (2.14) 

^ ^ p ^ = ^(7 ,DV') = ^7'^ {e'\x))\ D,\, ij{x) {ea ,e') 

= zr{e~\x))\ (d, + l (a;(x)),,^ 7VV 
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where (■ , ■) is the duahty product. 

It is also shown that imposing a covariance under the diffeomorphisms of the manifold lead to 

the appearance of the vierbein and the spin connection ( |FRI01j ). 

2.2 Conjecture on the fluctuation 

Theorem (Moser) : Be M a differentiable manifold of dimension n without boundary, 
orientable, connected and compact. Be w, r/ G Q"' two volume forms with 



(2.15) 



UJ= r] 

M Jm 



There exists a diffeomorphism ip : M — > M such that ip*u = rj. 

Conjecture : On a spin Riemannian manifold, every Dirac operator ^p can be obtained 
from an arbitrary Dirac operator ]Z), as a finite linear combination of coordinate transforma- 
tions applied to p. The Dirac operators •^]Z) are called fluctuated Dirac operators. 

We will show here after, far from giving the proof of this conjecture, that a fluctuation 
method leads to express a fluctuated Dirac operator -^p, in a frame derived from a coordinate 
system x, by the general expression : 



fp 



i = l 



\x 



det 



(e(x))% E «. i-^e-^i^^ixW^ {J,!i^))\ 



i = l 



1 

n-l 



(2.16) 



where ■'p. is written in the coordinate system in which the fluctuation is operated. 
Oj G M are constants. 
{'Pi}i = i is a finite set of diffeomorphisms in the connected component 

of identity and such that : x^ = (p{x) . 
'^^'p = L [ifi) p L (v?i)~ where p is the initial Dirac operator. 
{JipXx)Y p is the jacobian of the diffeomorphism ipi. 
{e{x)Y is the vierbein of the initial Dirac operator. 

In the same way as the General Relativity gives to the metric a role of dynamical variable, 
solution of an evolution equation (the Einstein equation), Noncommutative Geometry does 
the same by giving to the Dirac operator an equivalent role to that of the metric. However, 
contrary to the metric case, linear combinations of Dirac operators are permitted. 

The dynamical configuration space J-" of every Dirac operators is defined by 



^■■={'^ %. 



i = l 



det 



{<^))\ E «. (-'e-H^,,(x)))^ (J-/(x)) 



l(^\\^' 



i = l 



(2.17) 
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This dynamical configuration space is, so far, restricted to Dirac operators describing spaces 
witliout torsion. Tlie results obtained in this report (i.e. generation of torsion from initially flat 
spaces) shows the necessity to extend this configuration space to Dirac operators describing 
spaces with torsion also. This requires to be able to determine the spin connection of such an 
operator. 
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2.3 Fluctuated Dirac operator 

In this section, we give the general form of the fluctuated Dirac operator ^p, expressed 
in terms of the fluctuated vierbein and the fluctuated spin connection. In the first part, the 
fluctuation is operated by using a single operator sum, and will then be carried out in the 
general case of a fluctuated Dirac operator by means of multiple sums. 

The process which led to this fluctuation method has implied to define a sum of operators 
deduced from the scalar product defining the Dirac action. 

In the following, we use an euclidian metric in order to allow the computation of its square 
root. This is a necessary condition if one wants to work in the symmetric gauge, for which the 
vierbein is defined as the square root of the metric. 

2.3.1 Fluctuation : a preliminary description 

We consider the frame of a particular observer O endowed with a coordinate system x^. In this 
frame, the Dirac action of an arbitrary field i(j reads : 



{^|J,P^|J) = lrx\dete\^^rix)p^^^Pix) (2.18) 

^rx\ det e ||, r{x) ^{e-\x))\ ^^(^, + \ (^(^))a.,7V) ^{x) 

Let as draw attention to an expression that will appear more fundamental than the Dirac 
operator itself for the fluctuation purpose : 

|dete||, P|, = |dete||, t{e~\x)Y^ ^' (^ + i (^(^)W7V) (2.19) 

In the following, we consider the frame of an observer O^p endowed with a coordinate system x^, 
deduced from the previous one by a diffeomorphism ip in the connected component of identity 
(for which det J^ > 0) such that : 

{x,r = v'ix) 

and thus a;^ = {ip-\x^)y (2.20) 

with (dxX = ^^^ dx" =: (JjxW,, dx" 
ox'^ 

In this frame, the Dirac operator '^p, deduced from the previous one by the lift of the diffeo- 
morphism 

^p = L{^)pL{^r' (2.21) 

allows to define the action of the field ip^ = L {ip) ip : 

(z^„^]Z)^,) = /rf%|det^e||,^<(a;J (2.22) 



^(^e-^(xj) V (j^. + l r^(^.))..,7V ) Mx.) 



for which we know that (■?/'^,'^]Z)-?/'^) = {ip, ^ip). 
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The theorem of change of variables allows to write : 

{xX -^ {x,{x)r = if^ix) (2.23) 

dx/ -^ d[{x,{x)r] = {j,{x)r^dx'' 

=^ dX — ^ rf"(x^(a;)) = det(J^)|^. d\ 

where J^ is the jacobian of the diffeomorphisni (f. We can thus express the action in the 
coordinates x'^ of the previous frame. 

At this point, we have to put the emphasis on the difference between this change of variables, 
which expresses a single term in two different coordinate systems linked by a diffeomorphisni 
(f, and the diffeomorphisni lift, which generates a rotation in the Hilbert space of spinors and 
engenders a real difference between the two Dirac operators p et '^p. With our notations : 

"P|.v - "Ki^) (2-24) 

This notation can be resumed by : ''^*P|coordonnees ■ 

With this remark, we can write equation fl2.22p . by means of the change of variables fl2.23p . in 
the initial coordinates x'^ : 



z{^e-\v{x))Y^ 7^= ( {J;\x)r, 7^ + 2 {Hv{x))l,,ri' ] M^{x)) 



(^„^]Z)^J = /det(Jj|, d"x|det'%||^(,)V':(</'(a:)) (2.25) 

Here again, we want to highlight the term : 

det(Jj|Jdet^e||^(,)'^p|^(,)= (2.26) 

d_ 



det(Jj|. I def^ ||^(,) ^{-e-\^{x)))\ 7^ {J;\x)r ^ — + - {Mvix))U,Yl' 



We have chosen to express the vierbeins e"^ and {'^e)"' in the symmetric gauge and, in that 
case, we have written in an equivalent way the volume form : 

dVn = V|detc/..||^ d\ = | det e ||^ d\ (2.27) 

Moreover, we know by the same reasoning as in flA.lOp . that two metric tensors g^u and "^g^u 
are related by : 



(% (^(x)))^^ = Vi^aivix))),^ = ^J{J;^x) g{x) J;'ix))^^ (2.28) 

and the term a/I det (7.. |, or here the term | det e |, transforms with the jacobian under a change 
of variables : 



det(Jj|Jdet^e||^(,)^p|^(,) = det(Jj|. 



det(Jj|, (dety^J,^. det(J;^)|, '^]Z)|^(,) 
|dete||^. ^]Z)|^(^) 



^P|^(.) (2-29) 

\x 
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Hence, the only term keeping trace of the diffeomorphism in equation (12.261) is the Dirac 
operator. 

From the scalar products appearing in the actions (12.181) and (12.251) . we will determine the 
fluctuated Dirac operator ^p in the frame related to the observer O. To this purpose, we define 
■^p as the operator determining the action of the field ip in the frame O after fiuctuation. The 
invariant measure from the action integral is then expressed with the fiuctuated vierbein (■^e )" . 

{^,fp^) = frx\detfe\^^nx)fp^^^ix) (2.30) 

[^x\ det ^e 1 1, nx) z(/e-\x)) V (^ + \ r^(^)).,,7V) ^(x) 

In order to ensure that the resulting Dirac operator be hermitian, we have to sum, not the 
Dirac operators themselves, but the entire terms found under the integral : 

|det^e||,% = |dete||, ]Z)|, + det(Jj|. |det^e||^(,)^p|^(,) (2.31) 

= Idete||, (%. + "P|.(.)) 

We can now determine the fiuctuated vierbein {^e{x)y and the fiuctuated spin connection 
{■^co{x))abfj, belonging to the frame O. After having explicitly expressed the Dirac operators, we 
can identify the following terms : 

|det/e||, (/e-\x))'^ = {E-')\ (2.32) 

' = Ideteli, [{e-\x))\+{-e-\^ix)))\{j;r^] 

Idet^el,,. (V\x))'j^a;(x))^,^ = (fi,),,, (2.33) 



(^.)a.c 




dete 1^ 


'{e-\x))\iu{x)U^ 




+ {''e-\^ix))Y^iMvix))U^_ 



We can deduce the expression of the term | det ^e \ i^ by computing the determinant of equation 
fl2:32|l 

\x 

det^e||^ = |det (E^^(x)) |^ = | det (E(a;)) |^ 



det[ fl232D ] — ^(det^e)"^ (2.34) 



We can thus obtain the expressions of the fiuctuated vierbein and the fiuctuated spin connec- 
tion : 

{Hx))\ = \det{E{x))\^^ {E{x))\ (2.35) 

(Hx))^,^ = (fi.(x)),,, iEix))\ (2.36) 

The fiuctuated vierbein and spin connection are now written in an abstract manner, and 
are functions of terms {E{x))"' and (^^^(x))^^^. The explicit form of these terms allows one to 
easily generalize the fiuctuation method to an arbitrary sum of diffeomorphisms. 
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2.3.2 Fluctuation : general case 

We consider a finite set of diffeomorpliisms {^Pi}"^-^. We restrict tliis set to diffeomorpfiisms 
tliat preserve orientation of frames in the tangent fiber of tlie bundle : det (J^J > 0. These 
diffeomorphisms are thus in the component connected to identity. However, we stress that 
unicity of hfts is only ensured for diffeomorphisms infinitesimally close to the identity |IUC01j . 
Each of these diffeomorphisms applies the coordinates x'^ from an observer O to the coordinates 
of another observer O^. : 

x^ = {^■\x,;)Y (2.37) 

{dx^.r = ^^ dx^ =: {J^A^))\ dx'^ 

To each observer O^^ corresponds a Dirac operator '^^'p = L (ipi) p L {(pi)~ , written with 
coordinates x^., and an associated Dirac action defined by the appropriate scalar product : 



iij^^m^J = /rf%Jdet^"e|| V^;(x^J ^% V^,(x^J (2.38) 

The theorem of change of variables allows to write the operator "^^p in the coordinates x^, and 
the corresponding jacobian changes the differential part of the operator : 



(^^,,^'p^^J = /d"a;det(J,J|. |det^'e||^^(,)^;(^.(x))^'p|^^.(,.)^^,(^.(x)) (2.39) 

'r" 

d\\dete\\^ ip*^^{ipi{x)) '^'P|<^,(^) i/j^X^i{x)) 



The linear combination with coefficients Oj G M of terms appearing behind the integral sign 
(now unique with integration variable x, belonging to the frame of observer O) leads to : 

s 

I det 4 ||, %, = I det e ||. ^ a. ^"p|^^(,.) (2.40) 

i = l 

We can express the terms (£'(x))" and (^^^(x))^^^^ in the general case : 

s 

{E-\x))\ = Ideteli. 5^a, (-•e-i(^,(x)))'^Jj;^i(a:))^^ (2.41) 

4=1 
S 

(fi,(x))„,, = |dete||. J] a, (^-e-i(^,(x)))^^ (^»a;(y.,(x))),,^ (2.42) 



i = l 



with which we express the fluctuated spin connection, vierbein and the absolute value of its 
determinant : 

{^u;{x))^^^ = (fi.(x))„,, {E{x)r, (2.43) 

{Hx))\ = \det{E{x))\^^{E{x))\ (2.44) 

|det^e||^ = |det(E(x))|^ (2.45) 
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where the relatively simple expression of the determinant allows one to write : 



det^L = IdeteL" ' 



\x 



det 



Y: a. {-^e-\^.ix)))\ {J-l{x))\ 



i = l 



From fl2.40p . this lead to express the fluctuated Dirac operator as follows : 



(2.46) 



%. 



i = l 



\9i{x) 



det 



{e{x))\ E «. {-^e-\v^{x)))\ {J-}{x)) 



K^W^" 



i = l 



1 

n-l 



(2.47) 



where ■'pi is expressed with the coordinates of the frame in which is operated the fluctuation. 
ctj G M are constants. 
{^iYi = i is a flnite set of diffeomorphisms inflnitesimally close to 

identity and such that : x^p = (p{x) . 
■^'p = L (ipi) p L {(pi)~ where p is the original Dirac operator. 
(J<p. (x))^j^ is the jacobian of the diffeomorphism ipi. 
(e(x))" is the vierbein of the original Dirac operator. 

Hence, we have obtained the general form of the fluctuated Dirac operator, expressed in terms 
of diffeomorphisms ipi (through their jacobian J<^.(x)), as well as the fluctuated vierbeins and 
spin connections (resulting from the lifts of diffeomorphisms L (ipi) applied to p). 



fjh — f 



p = ^Pie,u,ai,ipu'^'e,'^'u) 



(2.48) 



It is worth noting that explicit calculation of an arbitrary fluctuated Dirac operator requires 
to determine the spin connection {^^u{{pi{x)))^,, also in the case where the original space (i.e. 
before applying the lift L (v?j)) has torsion. 



Chapitre 3 

Examples of fluctuation 



In this chapter, after a prehminary discussion concerning the constraint on the torsion of 
space induced by the hermiticity of the Dirac operator, we develop two examples of fluctuation. 
We use coordinate transformations between two frames in fiat spaces. First, a 2-dimensional 
example using the cartesian/polar coordinate transformation, then the same in three dimen- 
sions. 

3.1 Hermiticity of Dirac operator and torsion of space 

In the following, we show that hermiticity of the Dirac operator (required to ensure real- 
valued energy eigenstates) implies a constraint on the torsion of space-time. This property 
will allow to test the fluctuation method by making sure that the resulting operator fulfill this 
requirement. By simplicity we restrict this derivation to a 2-dimensional case, which corresponds 
to the first example. However, this derivation can be generalized to an arbitrary n-dimensional 
case. In the case we study here, the following relations hold : 

* ^^ t (3.1) 

g^lu = V = ^2 (3.2) 

7^ = a^ , implying hermiticity of 7 matrices (3-3) 

{YV = Y (3.4) 

{7^7^} = 2g^^ = 26"'' (3.5) 

where the matrix 7^^ = a^ is the chirality operator. 
Writing the matrix element : 



(0, p^) = / rf^x-^lrfet ^(^)..| 0{^) p|^ ?/'(^) 



d'x^/\d^rj:\ 0t t{e-'r^Y (-^ + \ooat,rA ^ (3.6) 

d''x\dete\^^(i)*t{e-y^Y^ + J d'x\dete\^^ <P* i{e-'r^Y\^ab,rYi^ 
The spin connection u{e, de) satisfy the relations : 

UJab e S0(2) =^ (w'^)6a = {^^)ba = -^ab (3.7) 
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The inverse vierbein (e^^)^^ being a real symmetric matrix : 

((e-^)^jt = ((e-'rj^ = (e~y^ (3.8) 



• Detailed calculation of the first part : 

(/) = Jd'x\dete\\, 0t ,^e-'r^^c^ (3 9) 

An integration by parts gives : 

^ [|dete||.0t(e~i)/^^^'^^] = | dete ||.^(e-^r,7^^ + | det e ||.0t(e-i)M^^c.^^ 



+^[|dete||.(e-irj0V^ (3.f0) 

rf^xl det e ||. (^)t(e-i)^^|^(7^)t ^ - ^ /" d'x^ [\ det e ||.(e-^)^J 0t^^^ 



where the simplification of the boundary term in the first equality is obtained for sufficiently 
fast decreasing fields ensuring the fields are null at infinity. 

Hence, the term (/) becomes : 

(/) = j d'x\dete\\M{e-'Y.^'^\ ^ (3.12) 



Detailed calculation of the second part : 

(//) = fd^x\dete\\,<l)U{e-'r^Y\oOab,ri'^ 

d'x\dete\\^ 0t {-ty{e-'r^{Yy\{-colj{^^)\^y i, (3.13) 

d^xldeteli, Ue-^r)-^uj,a,l''ri''<p\ ^ 

and the following relation holds : 'j^'j"-'j^ = 7^=7^7" + 2 (5"^^ 7^ — 2 5^'^ 7" 
thus 

1 ^^ 



(//) = / rf^x|dete||, (z(e-^)^,-(a;6,^7V7" + 2a;6V7 -2a;%7")0) ^ (3.14) 

d^x\ dete ||, ( zie-Y^^'^Uab.ri'A ^ + f d'x\ dete ||, (2(e-i)>5%7V) V 
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The second term reads : 



d'x\ det e ||, i{e''r,Y-uJai,^ri'(l) ^ 



+1 /rf^xldeteli, (e-i)VV<^V^ 



(3.15) 



One obtains : 
0,D^) = (/) + (//) 

(f'x] det e 
d 



I. I He-')^e7'^ j ^ + / d'x\ dete ||. Ue-^)^,7'-a;,,^7V0 ) ^ 



^ / d^xj— [|dete||,(e-i)^] VV^ + ^ / rf=^x| det e ||,(e-ir„a;VVV^ (3.16) 



^x^^ 



{D(f),ilj) +i / rf^a;|dete||^ (e~-^) 



-l^M ^a 



9 



" ^'^ Ideteli.SxA' 



||x ' 



[|dete||.(e-i)^] U^V 



(D0,V^)+2 / rf^xldeteli^ Ffe ^VV" 



ou F, = (e-^^cj" 



9 



" ''^ \dete\\,dx'^ 



dete||.(e"i)'^J 



Using the 


relations : 












dx'' 


- -('")'''^<^")'» 








d det A 
^x^' 


= det A- Tr 


k'fl 

^x^'_ 


= det A ■ 


dA" 



this lead to the calculations : 

F, = {e-'raUX 



(e-'r.u'' 



d 



dete|,c^x.^'^^^^ll^(^")'J 

' ' ^'dete|,J(e-)^-A[(e-).J 



" ^^ IdeteluSa;^ 









(e ^r„uj^u..-[e ^1" --— (e ^Y^ + ie '^^ 



"(9a;^ 



dxf^ 

f)pa 






Moreover, the torsion 2-form reads (P* structure equation) : 



T := de + oj /\e 

= I [id,e\ - d.e\) + {coXe\ - co\,e' ^)] dx^ A dx^ 

= - T" ^ dx^ A dx'' 
2 ^^ 



(3.17) 



(3.18) 
(3.19) 

(3.20) 



(3.21) 
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d,e\ - d,e\ = T\, - {uj\^e\ - UJ\J^ (3.22) 



and thus 



Fb = (e-^r„a;V + (e"')^[TV-(^%e%-a;«,,e%)](e-i)^ (3.23) 

rpa 

— ''- ab 

where the torsion T is function of the Levy-Civita connection F" : 

n. = e\ TV (e-')^(e-')% (3-24) 

One finally obtains : 

(0,D^) = (D0,^)+2 /"rf^xldeteli, n, 0V^ (3.25) 

Hence, hermiticity of the Dirac operator implies the constraint : 

n, = (3.26) 

or in a similar way : 

n, = n, eV = (3.27) 

However, in dimension 2, this constraint implies that torsion itself vanishes. We show this 
property in the following. 

The torsion tensor T^-^u (which can be qualified of hybrid because its covariants and contra- 
variants indices are expressed in different frames) is an antisymmetric tensor on its two covariant 
indices : 

T%. = - T\^ (3.28) 

and thus possesses, in dimension n, ^~ independent components. In dimension 2, it possesses 
two degrees of freedom. The previous constraint then writes : 

TV = (e"')''„T% (3.29) 



e 



-1\2 rpl I /-1\2 rp2 



(3.30) 



1 T\, + (e-i) 2 T\, = (^ = 1) 

{e-')\ T\2 + {e-')\ T\, = (/i = 2) 

that is equivalent to the system : 

ie-')\ T\, = (e-i)\ T\, 
ie-')\ T\, = {e-')\ T\, 

Making the ratio of these two equations, one obtains the constraint : 

(e-i)\ (6-1)^2 V ; 1 V ; 2 V ; 1 V ; 2 v ; 

<^=^ dete"^ = impossible: e% G G'L4(m) 

=^ T\2 = T\2 = (3.32) 

Hence, in dimension 2, hermiticity of the Dirac operator implies that space cannot have torsion. 
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3.2 1^* coordinate transformation : cartesian / polar 

To realize this first fluctuation, we consider the case of a flat euchdian space of dimension 2 
;hout torsion, on which a coordin 
and orthonormal frame such that : 



without torsion, on which a coordinate system x'^ = {x, y) is deflned leading to the holonomic 



S. - <^y -ll,l> (3.33) 



'^^^ ) a = i \dx^ dy 

6t Q^u = 0^1, 

In this frame, the Dirac operator reads : 

% = ^{e-\x))\ 7^ ( J^ + ^ (^(5)).,,7V) (3.34) 

The vierbein e" , chosen in the symmetric gauge and deflned as the square root of the metric 
tensor, corresponds to the unit matrix. Moreover, this space being without torsion, the spin 
connection Lij[x) vanishes identically. The Dirac operator ]Z) reduces to : 

^=}= ^Kl''-^, (3.35) 

Now, one considers polar coordinates x^ = if {xY = {r, 9) , in the holonome frame : 

(3.36) 

\ d Y \ d d \ 

da '■= { t; — r" = { t;~) tttt r endowed with the metric tensor {Q{x))au (3.37) 
I '^^^ J u = 1 I "^^ ^^ J 

which is deduced from x^ by the diffeomorphism ip such that : 

~x^ = (^-^(:r))^^(^ = "".°^(^) (3.38) 

^^^ ^ ^i^f^^ML dx" = (J~\x)Y dx^ 
dx" \ ^ y )) ^ 

where {.rHx)Y = (^ ^°' (^) -rsin(^)\ 
\ -^ "- >! V y sin(6') rcos(6') J 

Now, we have to determine the resulting Dirac operator 'p := "^^Z) such that : 

f> = L{ip)p L{ipy'^ (3.39) 



r G [0,+oo] 
9 e [0,27r[ 

2 



d 1 



ii^.b 



= ^(e-^(^))^7^(^ + 4(^(-)W7'^7 
We thus have to determine the expression of the vierbein (e(x))" and of the spin connection 

(^(^))ab/.- 



28 CHAPITRE 3. EXAMPLES OF FLUCTUATION 



From the previous jacobian, we can compute the metric tensor {g{x)) 



/lU • 



dx°' dxa = g^^u dx^ dx" (3.40) 

= 9p. {J;\^))\ {J;\^))\ dx^ dx^ 
= {g{x))^^ dx^ dx^ 



One then obtains : 



One can observe that the basis d^ is not normed for this metric. 

We will find the vierbein allowing one to obtain an orthonormal frame {ca} for this metric. We 

write {e"} the dual orthonormal basis : e" = (e(a;))" dx'^. 

^«=(^~'(-))'a^ (3-42) 

Since this base is orthonormal, the following relation holds : 

(gix))^, = ^(ea,e,)|, = (gix))^^ {e-\x))\ {e'\x))\ = S^t (3.43) 

=^ (e-V-^),, = 5a6 (3.44) 

We have chosen to express vierbein matrices ('^'e(x))" in the symmetric gauge. The metric 
tensor {g{x)) being diagonal, the computation of its square root is straightforward : 

10 



ie{x))\ = ( V9i^) ) ^=[o r ) (^.45) 



The (dual) frame {e"} is orthonormal but no more holonomic : 

e^ = dr { de^ = 



rd9 ~^ \ de^ = ^^^ = dr A de ^^'^^^ 

We compute the spin connection u{x) using the following formula, obtained from solving the 
first Cartan structure equation in the case of a space without torsion (and thus restrained to 
this particular case) : 

uAe = -de =^ (3.47) 



One then obtains : 



u{x) := {co{x))\ = ( J ^^ ] d9 (3.48) 



Coordinate transformation : cartesian / polar 
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We can now verify that the frame 9^, the torsion 2-form T{x) and the curvature scalar deduced 
from the curvature 2-form R{x) {V^ and 2"''^ Cartan structure equations) are null (in the case 
of the torsion, it is equivalent to verifying the computations done, this condition being the 
starting hypothesis for the computation of the connection) : 



T 



R 



de + u Ae 

de = d^e"'i, dx^ A dx" = 
u A e = u"-bfj, e^y dx^ A dx 

du + u Au 
du = d,,uj"-by dx^ A dx" = 



(3.49) 



dr A dO 



dO A dr 



dO Adr 



T = 



(3.50) 



CO A CO = to' 



bfj. 



CO 



dx^ A dx^ = 



i? = 



Hence, starting with a flat, torsionless space, we obtain, after applying the diffeomorphism, a 
still fiat and torsionless space. 

The fluctuation is operated in the following. In order to simplify the calculations, the aj 
coefficients are taken equal to unity. The fluctuation will be done in the frame deriving from 
the polar coordinate system. Hence, the diffeomorphism mapping cartesian coordinates to the 
polar ones is ^~^. The jacobian that appears in formula (12.411) is J^ associated to (e~^)" : 



{E-\x)y 



det ^e\\x I ■'e 



-1, 



[X 



I2 + 



dete||, [J^{x) e-i {^~\x)) + e-\x)\ 

cos{6) sin(^) 

— sin(^)/r cos(^)/r 

r (cos(6') + 1) r sin(0) 
-sm{9) (cos(0) + l 



We also compute the term (f2£;(x))^^^ : 

i^E{x)Uc ■■= |det^e||.(V'(x))'^(^u;(x))^,^ 
= |dete||^ {e-\x))\ iuj{x))^^^ 



(3.5i; 



1 

1/r 



deteli^ (w(a;))a6 (e \x))^ 

-i\ 

/ n -1 \ 
O2. 



0, 



(ab) 5 



1 

1/r 



(3.52) 



(iMc) 



^(ab) 



-1 

1 



(ab) /(c) 



where bracketed indices mark which matrix is related to the same un-bracketed indices. 
It would be easy to express, by means of these terms, the vierbein and the spin connection of 
the fluctuated Dirac operator. However, in order to understand each step of the calculation, we 
forget these terms and pursue with the same method as the previous one, and keep the use of 
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the general terms E{x) and ^e{x) to the next example which is more expensive in calculations. 
Thus, we compute the determinant of the fluctuated vierbein : 

the space being of dimension 2, det [ (13.511) ] — > (det-^e), (3.53) 

|det^e||^ = r [(cos(e) + l)^ + sin2(^)] = 2r (cos(e) + 1) (3.54) 

Recalling that the first two lines of (I3.5ip and (13.521) are obtained by identification, we compute, 
thanks to (13.511) . the vierbein (■^e(x)) : 

^e {x)j = |dete||^ [J<p{x) | det e ||^e~^ (v9~^(x)) + e~^(x)]^^ 



1 / r (cos(6') + 1) rsin(0) 



2r(cos(0) + l) V -sin(^) (cos(^) + 1) 

1 /o sin(^) 

-^/^ 2(cos(6l)+l) 

'jM0L_ l/2r 



(3.55) 



2r(cos(e)+l) 



(fe(x)Y - /^cos(^) + l -rsin(^) \ , . 

V ""^^^^ M - ^ sin(^) r (cos(^) + 1) J ^^'^^^ 

We see that we are no more in the symmetric gauge. 

Using the fluctuated vierbein and its determinant, we compute by identiflcation, thanks to 

(I3.52p . the fluctuated spin connection (4;(a;))^^ : 

r^(^))a.. = TT^ {\dete\,.{e-\x))\{u{x)U;){Hx)y^ (3.57) 

I I 1^ 

1 f Q^ fO -l\ \ f cos{e) + l -rsm{e) 



2r(cos(^) + l) V ''"^ ' VI i5)4 V MO) r{cos{e) + lj y^^^^ 
sin(e) /^ "M 1/^0-1 

2r(cos(e)+l) 1 1 i , ' 2 I 1 ,, ,, , 

— 1 \ / sin(6l) 1 

1 l^^ \ 2.(cos(.)+l) ' 2 ,(^) 

Since latin indices belong to tetrads, in which the metric tensor is r^^j^, and since we consider 
an euclidian space {rjfj_y = 6^u), it follows : 

{U^))\^ = S- ('.(.)),^ = ( « -; )^^^ ( 5;:j|fL_j , 1 ^^^ (3.58) 

We have now to check hermiticity of the resulting Dirac operator. We have shown in the previous 
section that this property in a 2-dimensional space leads to ^T(x) = 0. This calculation follows : 

dfe = d/e\ dx^ A dx" = {di^e\ - d2^e\) dx^ A dx^ (3.59) 

-MO) + MO) ] drAde=(^ ] drAde 
(cos(e) + 1) - cos(0) ) ^^ /\ ^"^ I ^ I ar a af^ 



Coordinate transformation : cartesian / polar 
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■^Lu A^e = ^uo bf^ ^e y dx^ A dx^ = y'^ h\^(^ 2 — ^^ h2^(^ \\ dx^ A dx^ 

sin(g) / -1 W -rsin(^) 

_2r (cos(^) + 1) V 1 y) V r (cos(^) + 1) 
_ 1 / -1 W cos(^) + 1 
2 V 1 / V si^(^) 

(ir A (i^ 



dr NdQ 



(3.60) 



^T(x) = rf^e + ■'w A ■''e = 
The fluctuated Dirac operator satisfies the hermiticity condition. 



(3.61) 



What about the curvature of the resulting space. Let us first compute the curvature 2-form 
^R{x) : 



d^ixi = d^^uj bu dx^ A dx'^ = [di^uj b2 — ^2^^ h\) dx^ A dx"^ 

82 CO hi dx^ A dx^ 

-1 



^2 CJ 61 
-1 



2r (cos(^) + 1) V 1 



dx^ A dx'^ 



(3.62) 



u A-^u = 4j bfi ^co cv dx^ A dx^ = yuo b\ ^cj c2 — ^co b2 ^co ci ) dx^ A dx^ (3.63) 







^R{x) = d^u + ^uA^u 

-1 / -1 



2r (cos(^) + 1) V 1 



dx^ A dx^ 



(3.64) 



In order to obtain the expression of the fiuctuated scalar curvature ■^Rg{x), we successively 
compute the Riemann tensor ^R{x)'^ o ■, obtained by expressing every indice of the curvature 
2-form in the same frame using the fiuctuated vierbein, and the Ricci tensor ^R{x) , obtained 
by contracting the first and third indices of the Riemann tensor. 



^R{ 



x) 



- ^R^'bn.u dx^ A dx"" 



b^v 



(3.65) 



\ fR%,u {Hx))\ {^^'\^))\ dx^Adx' 



The Riemann tensor ^R snu is thus : 



^R' 



^12 



{fe-\x)y JR\, {fe{x))\ = - fR% 



21 



(3.66) 



1/2 

- sm{6») 



sin(e) 



2{cos(e)+l) 



-1 



2r(cos(e)+l) 



-1 

r2(cos{6»)+l) 



-1 



1/2 r j r(cos(^) + l) V 1 
1 



cos(^) + 1 — rsin(^) 
sin(6') r (cos(6') + 1) 



cos(e)+i 
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Then follows the Ricci tensor : 



^R 



■fMiy 



fR' 



fiau 



R lal R la2 
R 2al R 2a2 



R 121 R 112 
R 2 21 R 212 



(3.67) 



1 



r2(cos(e)+l) 







1 



cos(6»)+l 

We finally obtain the curvature scalar : 

^Rjx) 



fR„.. V" 



^^u 



(3.68) 



Where we have used the usual convention : g'^^ '■= {.9 ^Y'^ . Using the definition of the vierbein 
(and since we consider an euclidian space) : 



HU 









(3.69) 



-1 -T\t^'^ 

e e ) 



We give, here after, the metric tensor corresponding to the fluctuated metric -^gix), expressed 
in the frame d, 



M • 



r^(^)),. = [^^ ^^)^^= 2(cos(e) + l) 
= 2(cos(e) + l) {g{x))^^ 

The curvature scalar is finally given by : 



1 
r^ 



(3.70) 



%{x) 



%. ^r 



(3.71) 



Tr 



1 



r2(cos(0)+l) 









1 



1 



cos(9)+l 



2(cos(6»)+l) 






1 

2r2(cos(6l)+l) 



r2 (cos(^) + 1)^ 



At the end of this first example, we have generated a space with non-vanishing curvature 
starting from a fiat space. However, the dimension of space (dimension 2), together with the 
constraint (I3.26P related to the hermiticity of the Dirac operator, does not allow to generate 
torsion. The next example will allow to verify that this is however possible in the general case. 
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3.3 2^^ coordinate transformation : cartesian / spherical 

In this example, we consider an euclidian space, initially fiat and without torsion, of dimen- 
sion 3. We consider the cartesian coordinates 5^ = {x, y, z) in the holonomic and orthonormal 
frame : 

{x,y,z} e ]-cx),+oo[ 

(3.72) 





( d Y 


j d d d 


d^ : 


\d&^K = i 


\dx^ dy^ dz 


9f^u 


= 5^y 





In this frame, the Dirac operator is expressed as : 

h = K^''m\ ^'{-i-,+1 (^(-))...7V) (3.73) 

For the same reasons as in the previous example, the Dirac operator p reduces to : 

p=~^= ^h r J^r (3.74) 

We consider now the spherical coordinates x'^ = a (x)^ = (r, 6, ip) , in the holonomic frame : 

r G [0, +oo[ 

6 e [0,7r] (3.75) 

V e[0,27r[ 

f "9 V (Odd] , , . , , . , , ^^ 

These coordinates are deduced from x'^ by using the diffeomorphism a defined by : 

{X = r sin(^) cos{ip) 
y = rsm{e) sin((^) (3.76) 

z = r cos{9) 

d((7(x)V 

dx^ = \^ " dx" = (JJx)r,. dx" 
dx" \ <^\ JJ u 

(sm{9) cos{ip) r cos{9) cos{ip) ~r sm{9) sm{ip) 
sm{9)sm{(p) r cos{9) sm{(p) r sm{9) cos{(p) 
cos{9) -rsm{9) 

We define also : 

I sin(^) cos{(p) sin(6') sm{ip) cos{9) \ 
{.rMa-\x)))\:={.JM-\x))) 



V 



cos(9) cos{ip) cos{6) sin{ip) — sin(6) 



r r r 

-sinjip) cos(y) Q 

\ rsin(9) rsm{9) I 



(3.77) 



From this jacobian, we determine the metric tensor i^gix)) 



fii/ 



1 

(gix))^, = I r2 I (3.78) 

r^sm^{9) 
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Choosing the symmetric gauge to express the vierbein, we obtain : 

1 
(e(a;))\ = | r | with | dete ||^ = r2sin(^) (3.79) 

rsin(^) 

We compute the connection thanks to the formula fl3.47p . emphasizing once more that this 
formula is restreint to spaces without torsion, requirement fulfilled here : 

/0-10\ /O -sin(0) 

u{x) := {uj{x))\ = il0 0\de+l -cos(^) | dcp (3.80) 

\ / \ sin(^) cos(^) 

We state : 


J, = I -1 I , J, = I I , J, = I 1 I (3.81) 

1 

which are representations of dimension 3 of the three generators of the group 50(3). 
The spin connection becomes : 

uj{x) = J,de + (cos(0) J^ - sm{9) Jy) dip (3.82) 

We will now verify that, as we expect, the resulting vierbein and spin connection describe a 
flat, torsionless space. 

T = de + uAe (3.83) 





de = d^e^u dxf" A dx" 

1 \ drAde+ \ \ deAd(p+ \ \ dip A dr 

bfi 



\ 



CO Ae = uj°-bn. e''^ dx^" A dx'' 






""■ ~ -\ dx^ A dx^ + (w"fe2 e\ - u^bs e\) dx"^ A dx^ 
+ w"fc3 e^i dx^ A dx^ 

\ [ ^ \ / 

drAde+\ \ deAd<p+ \ \ dip A dr 

-r cos{9) j \ sin(6') 



R = du + uAuj (3.84) 

du = dfj_uo°-bv dx^ A dx'^ = d2Uj"'b3 dx'^ A dx^ ^ 

= (- sin(6') J^ - cos(6') Jy) dO A dip 
uj Auo = u^bfM ^^cv dx^ A dx^ 

= [Jz {cos{6) Jx — sin(^) Jy) — (cos(^) Jx — sin(6') Jy) Jz] dO A dip 

= (cos(6') [Jz, Jx] + sm{e) [Jy, Jz]) de A dp 

= {cos{6) Jy + sin(6') Jx) d6 A dip 
=^ R = 
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Once checked, we can operate the fluctuation. As was the case in the previous example, we 
will not operate the fluctuation in the frame deriving from the cartesian coordinate system 
dfj_, but in the one deriving from the spherical coordinate system 9^. The diffeomorphism 
that transforms the cartesian coordinates to the spherical ones is cr~^. Once more, in order to 
simplify the calculations, we take the coefficients a, = 1 , with i = {1,2}. 

The calculations implied in this example being substantial, a part of them have been made 
using the software Mathematica : the check for hermiticity of the fluctuated Dirac operator as 
well as the computation of the resulting curvature and torsion of space after fluctuation. 
Moreover we use, in this example, the general terms E{x) and Qe{x), what will constitute a 
validation of the general fluctuation method. 

We begin the fluctuation by computing the term {E{x))"' : 



{E-\x))\ = Ideteli. 5^a. (j;/(x))^^(--e-i(^.(x)))' 



(3.85) 



j = i 



deteli. [{Ji,\x))\ {''e-\x))\ + {j-\{a-\x)))\ [^- e-\a-\x)) 
deteli. [{6rAe~\x))\ + [j {a-\x)))\ {i-\a'\x)))\] 



r^ sin(^) 









rsin((?) 

/ sin(^) cos(v?) sin(^) sin((/9) cos(^) 



+ 



V 



cos(6) cos{ip) 

r 
- sm{tp) 



r sin(9) 



cos(9) sin((/p) 
r 

rsin(S) 



- sin(e) 
r 





r^ sin(^) (sin(^) cos{ip) + 1) r^ sin^(^) sin((/9) r^ cos(^) sin(^) 

r sin(6') cos(6') cos(v?) r sin(^) (cos(6') sin((/9) + 1) — r sin^(^) 

— rsin((/9) rcos(v?) r 



Recalling that the cosecant is deflned by : csc(^) = l/sin(^), we get after inversion of the 
matrix : 



{E{x))\ 



V 



csc(6>) 

2r2 

csc(6) cos(6+ip) 

~2r2(sin(6»+(/3)+l) 

csc(6){cos(8)+sin{ip)) 

2r2(sm(e+(p)+l) 



csc(e) 



2r(scc(6»+ip)+tan(e+<^)) 
csc(6>) 
2r 
csc(9)(sin(9)+cos((/3)) 
2r(sin(6»+<^)+l) 



cos(6)+sm(ip) 

~2r(sin(e+(p)+l) 

sm(0)+cos{ip) 

2r{sm{e+ifi)+l) 

J_ 

2r 



(3.86) 



and its determinant : 



detE 



\x 



[2r^ sm\e) {sm{e + ^) + 1 



(3.87) 
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We now compute the term {Qe{x)) 



abc ' 



i = l 



det e ||a; 
det e \\x 



i^Eix)),,, = |dete||. ^ a, rv(vp.(x)))^,^ (^>e-i(v..(x)))^^ (3.88 

= 1 

r'sm{e) ( (03)(„fe) , {Jz)^ab) ' (cos(^)4-sin(^)Jj,)(^^) j 



1 
i 



^(m) 







rsin(e) /^^c). 



(03)(ab) , ^sin(^)(J^)(„^) , r{cos{e)J^ -sm{e) Jy)^^^^ 



ic) 



Thanks to these terms, we express all elements composing the fluctuated Dirac operator. 
We determine the expression of the fluctuated vierbein and its determinant : 



{Hx)y 



det{E{x))\^^ {E{x))\ 

I 



(3.89) 



r^ sin(^) v/2(sin(^ + v?) + l) 



V 



and 



det-^( 



ex 



csc(e) 

csc(S) cos(6?+(/3) 
~2r2(sin(e+<^)+l) 
csc(9)(cos(9)+sin(v3)) 
2r2(sm(6»+(/3)+l) 



det(E(x)) 1 5^ 



csc(6') 

2r(sec(6'+<^)+tan(e+vp)) 
csc(6') 
2r 
csc(9)(sin(6)+cos(i^)) 
2r(sm(0+(/3)+l) 



cos(9)+sin(iy5) 



2r(sin(6l+ip)+l) 
sin(6)+cos((^) 
2r(sin(6'+>^)+l) 

_!_ 

2r 



k\ 



(3.90) 



r=^ sin(^) v/2 (sin(^ + V^) + 1) 



where the secant is defined by : sec(6') = l/cos(6'). 

Once more, we observe that we are no longer in the symmetric gauge. Now, the formula : 



r/^(:,))^^-f/.^/. 



e •'e 



(3.91) 



iiv 



allows us to obtain the metric tensor corresponding to the fluctuated metric ^g[x\ expressed 
in the frame d,, : 



(3.92) 



H^)) 



fii/ 



/ 3—sin(0—ip) 

I 2 

—rcos(6—ip) 

2 
r sin(6?) [— cos(9)+sin((/3)] 
\ 2 



—rcos{6—ip) 

2 
3-sin(6>-vp) 2 

2 ' 



-r^ sm{9) cos{9+ip)[cos{d)+sm{ip)] 
2[sin(e+<^)+l] 



r sin(6) [— cos(9)+sin((y9)] 

2 

-r^ sm(9) cos(6+(/3)[cos(9)+sin((/3)] 

2[sin(6»+</3)+l] 

^ — ^ r sm (t^j 



We can now calculate the last element composing the fluctuated Dirac operator, the flue- 
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tuated spin connection : 



csc(6») 



V 



2r2 
csc(6) cos{d+ip) 

csc((?)(cos(S)+sin((/3)) 
2r2(sin(6»+(/j)+l) 



r (cos(^) J^ — sin(^) J, 

080(6*) 



2r(sec(6»+ip)+tan(e+<^)) 
csc(6') 
2r 
csc(S)(sin(9)+cos(iy5)) 
2r(sm(e+<^)+l) 



J/; (at) ,^^^ 
cos(9)+sin((/p) 



(3.93) 



2r(sm(6»+¥')+l) 
sin(6)+cos((y5) 

2r(sin(6»+v3)+l) 
J_ 
2r 






{en) 



Recalling that latin letters correspond to components expressed in the mobile frame, and that 
space is euclidian : {Jijj{x)) ^ = 6"^ (J'uj^x))^^ . 



I 



iHx))\r 





cos(0+ip) 



2r{sm{e+ip)+l) 
cos(0)-|-sin(vp) 
\ 2r(sin(e+<^)+l) 



cos(0+(p) 
2r{sm{9+(p)+l) 



cot(e)(cos(6')+sin(y)) 
2r(sin(6»+<^)+l) 



cos(9)+sin((/3) 

^2r(sin(e+<p)+l) 
cot(e)(cos(6')+sin(</3)) 
2r{sin{0+!f)+l) 





\ 



fco{x)y 
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{fu{x)y 
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V 
V 



1 

2 

sin(6)+cos((^) 
^ 2{sm(9+ip)+l) 



sin(9)(sin(9)+cos((^)) 

2(sin(6»+<p)+l) 

sin(6') 

2 







cot(6l)(sin(e)+cos(v5)) 
2(sin(6l+ip)+l) 

sin(0)(sin(0)+cos(iy9)) 
2{sm{e+ip)+l) 



cos(e) 

2 



sin(9)+cos((/3) 

2(sin(6»+<p)+l) 

cot(e)(sin(e)+cos(y)) 

2(sm(6»+</p)+l) 





8111(6*) \ 

2 * 

cos(e) 



/ 



(3.94) 



At this step of the calculation, the use of Mathematica become necessary. We first verify 
the hermiticity of the operator. We previously showed that this requirement corresponds to the 
constraint : 



^T V = 



(3.95) 



We calculate the torsion 2-form •^T( 



X) 



^T{x) = d^x) + ^uj{x) A ^x) = - ^T%^ dx^ A dx' 



(3.96) 



The expression of the torsion term is rather hard to read, we report it in the appendix. This 
term has, at least, the usefulness to show that the torsion of the resulting space is non- vanishing. 
The torsion 2-form give, in components, the tensor ^T"-^^. We thus have to express the first 
covariant index in the fiuctuated mobile frame, by using the fiuctuated vierbein : 



-i\P 



We finally obtain that the hermiticity condition is satisfied : 



frpa 



afi 



'T%,{'e 



-i\P 







(3.97) 



(3.9J 
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It still remains to show that this fluctuation has generated, in addition of a non-vanishing 
torsion, a non-vanishing curvature. To this aim, we have to compute the fluctuated curvature 
scalar. We begin with the calculation of the curvature 2-form ^R[x) : 

fR{x) = d^uj{x) + ^uj{x) A ^uj{x) (3.99) 

Here again, the explicit expression of the curvature 2-form is not relevant in itself, we report 
it in the appendix. The following steps necessary to the calculation of the curvature scalar, 
identical to the previous example, are briefly summarized here after : 



fR = -^R^'h^^udx^Adx" (2-forme de courbure) (3.100) 

"^R i3fj.u ~ ['^^ ) ^R bjiu ■^e p (Riemann tensor) 

^Rfiu = ^R"" ixau = re j •'^R^bau ^e ^ (Ricci tensor) 

■^Rs = ^R^v ^9 (scalaire de courbure) 

We finally obtain the curvature scalar characterizing the space described by the fluctuated 
Dirac operator : 



fRc 



CSC2(^) 



8r2[cos(^)+sin(^)]' 



■ 5^-3v?. i^G-V-. /7^-V'^ 
2 cos + cos — cos 

y 2 ' ^ 2 ' ^ 2 ' 



-21 cos(— ^) + 4 cos( ^ ) + cos( — -^) - 2 cos( — ^) (3.101) 

^ . ,b9 — Z(p, . ,39 — ip^ . ,79 — (f, 
+2 sm( ^) - sm(^-^) + sm(^--^) 

-21 sm(^) -4sm( ^ ^ ^' ) + sm(^-^) + 2 sm(^^; 

This second example allows to confirm that fluctuations of the Dirac operator generate, at the 
same time, torsion and curvature from an initially flat and without torsion space. Moreover, 
the computational complexity of this example should be seen as an evidence of the validity of 
this fluctuation method. 



Conclusion and outlook 



At the end of this report, we have shown that the fluctuation method developed during 
this 'stage', in the case of a commutative spectral triple (algebraic equivalent of a Riemannian 
space) is consistent. Successfully applied on two non trivial examples (two diffeomorphisms of 
euclidian spaces of dimension two and three), this method provides an additional agreement 
to the conjecture from which we have been inspired. 

The substantial contribution from these fluctuations is to generate, from an initially flat 
space, a space related to a fluctuated Dirac operator which possess non vanishing curvature 
and torsion. This allows one to obtain an exact equivalence principle. 

However, all along this report, we have been restricted to operate the fluctuation method on 
Dirac operators describing initially flat spaces. This has been done knowingly. Indeed, so far, 
we are not able to explicitly compute the spin connections belonging to spaces with torsion. 
The formulae (I3.47p . that we use in order to determine the connection, has come from the first 
Cartan structure equation in which we have states T = : 

ujKe = -de (9.1) 

But the generation to spaces with torsion imposes to enlarge the dynamical configuration space 
T to the corresponding Dirac operators, and thus requires being able to compute their spin 
connections. The term cu solution of the equation : 

u Ne = T -de (9.2) 

appears as an inevitable next step. 



Beyond this ability, enlarging the dynamical configuration space to operators describing 
spaces with torsion leads directly to the question about the role of torsion in Noncommutative 
Geometry. So far, this question has been ignored although the Chamseddine-Connes spectral 
action makes it appear explicitly. 
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Annexe A 
Annexes 

A.l Notations 

When not otherwise stated, the following notations are used in this report : 



M differentiable manifold of dimension n standing for space-time. 

lA open set of M isomorphic to an open set of M" 

/3^(x) frame defined Vx G W 

(5^{x) dual frame 

ea{x) ortho normal frame associated to the metric (vierbein) 

g[x) metric defined on M 

{g{x)) metric tensor (corresponding to a frame) 

1] Minkowski metric describing a flat, torsionless space 

rjni, metric tensor associated to the Minkowski metric in an inertial frame 



DifF(M) Group of diffeomorphisms on M 

GL^ (k) General Linear group with real constants as entries 

^GL^ (m) General Linear group with real functions on U as entries 

SO (3, 1) Special Orthogonal group 

^SO (3, 1) Special Orthogonal group with real functions on U as entries 

Spin (3, 1) Universal covering group of SO (3, 1) 

cp Element of Diff(M) 
A GL4 (R) 

A(a;) ^GL 



4 



A^{x) GL^^ (m), which is the jacobian of ^p 

A^ 50(3,1) 

A^(a;) "50(3,1) 
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A. 2 Some useful definitions and theorems 

Definition : A frame f3^{x) defined on an open set W C R" is an set of n differentiable 
vectorial fields : 

/3,{x) := {f3,{x)}l^, = {/3i(x),..,/3„(x)} (A.l) 

such that for every point x G W, {/3^|a;} __^ is a basis. 
In other words, a frame is a differentiable field of bases. 

Definition : The dual frame (i^{x) of a frame /3j,(x) is defined by the relation : 

/3'^(x) (5^{x) = 5^ Vx G W (A.2) 

Definition : A frame /^/^(x) is said orthonormal for a metric g, if the metric tensor {g{x)) 
in this frame is such that : 

i9i^)),u = 9iP,,(^u)^, = V,u VxGW (A.3) 

Definition : A frame I3^{x) is said holonomic (or deriving from a coordinate system) if it 
is such that : 

dp^ = V/i = l,..,n (A.4) 

Theorem ( [SCHOl] ) : A subset U of R" admits a holonomic and orthonormal frame if 
and only if this subset is fiat. 

Theorem (Gram-Schmidt) : Every metric g admits an orthonormal basis, i.e. a basis 
{ci, ..., e„} such that : 

g (Ca, Cb) = 7]ab (A.5) 

with r]ab being the minkowskian metric tensor of the metric g in the basis {ca}"^]^. 

The Gram-Schmidt orthonormalization algorithm allows one, starting from an arbitrary 
basis on a point x G W, to get an orthonormal basis. This algorithm requires only addition, 
multiplication and division operations, which preserve differentiability. Hence, it ensures that, 
starting from an arbitrary frame /3^, one can construct an orthonormal frame Cq. 
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A. 3 Details of some calculations 

A. 3.1 Invariant volume form 

We will explicitly show the invariance of the volume form under diffeomorphisms. We will 
then show that this property, together with the theorem of change of variables, allows one to 
express the Dirac action integral under a change of coordinates. For simplicity, this calculation 
takes place in a 4-dimensional space, but the generalization to an arbitrary finite dimension is 
straightforward. 

We consider a diffeomorphism ip linking two coordinates system x^ and x^, with their respective 
frames {<9^})^ = o ^^^ {'5a'}m = 0' ^^"^^ ^^^^ ■ 

x^' = ip^'{x) (A.6) 

We have the following relations : 

dx^' = ^^^ dx' =: {J{x)f, dx" (A.7) 

di^" = {j-\x))\ dx"" = (j-i {ip~\x))Y^ dx" 

where J is the jacobian of the diffeomorphism Lp and J~^ its inverse. Each frame is deduced 
from the other by applying the jacobian or its inverse such that : 



d, = {j-\x))\~d. (A.8) 

In the frame (9^, the invariant volume form dV^ is expressed as : 

dV^4 = y/\detg„\^- d^x = a/| det^..||-. dx° A dx^ A dx^ A dx^ (A.9) 

where ^.. is the metric tensor associated to the frame 9^. 

One can connect the metric tensors g^i, and g^^, respectively belonging to 9^ and 9^, by ex- 
pressing the metric in each frame : 

g = g{x)^y dx^ ^dx" (A.IO) 

= g{x)pcr dx^ ® dx'^ 
= g{x)p^ {J{x)Yp {J{x))\ dx'' dx" 



Equation flA.9p becomes : 



y|det^J|- d'^x = J det ( JK g\^[x)J\x ) dx^ A dx^ A dx"^ A dx^ (A. 11) 



det J\\x \/\ det (7..! I /-N dx^ A dx^ A dx"^ A dx^ 
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Moreover, the relations (]A.7p lead to the equality : 

dS:^ A dx^ A dx"^ A dx^ = (Jr^f (Jr^V (Jr^f Ur^f dx^" a dx'' a dx^ a dx" (A.12) 

= (-^l^')", (^1^^)^ (-^l^')', (^l^')', ^"'"' dx' A dx' A dx' A dx' 

= det (^i^M dx^ A dx^ A dx"^ A dx^ 

= (det J)7- d'^x 

where e'^'^'"^, the skew-symmetric Levy-Civita tensor, is obtained from the permutation of the 
indices of the volume form. We then use the general expression of the determinant in order to 
identify the volume form |CHO01] . 
One finally obtains : 

a/I det ^.. 1 1- d'^x = I det J||i A/|det^l^(-) (det J)|^^ d'^x (A.13) 

= |detJ||^-i(^) V|det^..||^(^_i(^.)) (det J)^li(^) d^x 

= v4dit^|^(^-i(,)) d^x 

= ^/\det^\^^ d^x 

where the equality of the third line is obtained by considering only the diffeomorphisms (p for 
which the determinant of the jacobian is positive. 
Hence, we have shown that : 



dV^ = V|det^..||- d^x = v^|det^..||^ d^x = dV^ (A. 14) 

for a diffeomorphism (p such that x = f{x) preserving orientation (i.e. det J > 0). 
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A. 3. 2 Mathematica code of example 2 



**** Introduction of the Inverse jacobian Ji : 
Ji = {{Sin[\[Theta]]Cos[\[Phi]] , r Cos [\ [Theta] ] Cos [\ [Phi] ] 
■[Sin[\[Theta]]Sin[\[Phi]] , r Cos [\ [Theta] ] Sin [\ [Phi] ] , 
{Cos [\ [Theta] ] ,-r Sin[\ [Theta] ] , 0}}; MatrixForm [Ji] 
J = FullSimplify [Inverse [Ji]] ; MatrixForm [J] 



-r Sin[\ [Theta]] Sin[\ [Phi]]}, 
r Sin[\ [Theta]] Cos [\ [Phi]]}, 



**** Introduction of vierbein 
e = {{l, 0, 0}, {0, r, 0}, {0, 
ei = FullSimplify [Inverse [e]] ; 



0, r Sin [\ [Theta]]}}; 
MatrixForm [ei] 



MatrixForm [e] 



**** Computation of determinants 
detJi = FullSimplify [Det[Ji]] 
dete = FullSimplify [Det[e]] 



**** Introduction of the spin connection \ [omega] : 

JO = {{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}; MatrixForm [JO] 

Jx = {{0, 0, 0}, {0, 0, -1}, {0, 1, 0}}; MatrixForm [Jx] ; 

Jy = {{0, 0, 1}, {0, 0, 0}, {-1, 0, 0}}; MatrixForm [Jy] ; 

Jz = {{0, -1, 0}, {1, 0, 0}, {0, 0, 0}}; MatrixForm [Jz] 

Jxy = Cos [\ [Theta] ] Jx - Sin [\ [Theta] ] Jy; MatrixForm [Jxy] 

\[Omega]tilde = {JO, Jz, Jxy}; MatrixForm [\ [Omega] tilde] ; 

\ [Omega] = Transpose [\ [Omega] tilde, {3, 1, 2}]; MatrixForm [\ [Omega] ] ; 

MatrixForm [\ [Omega] [[All, All, 1]]] 

MatrixForm [\ [Omega] [[All, All, 2]]] 

MatrixForm [\ [Omega] [[All, All, 3]]] 



**** Computation of term Ei and its determinant: 
Ei = FullSimplify [detJi J + dete ei] ; MatrixForm [Ei] 
detEi = FullSimplify [Det [Ei] ] ; 
detef = detEi" (1/2) 

**** Computation of the fuctuated vierbein: 

efi = Ei/detef; MatrixForm [efi] 

ef = FullSimplify [Inverse [efi]] ; MatrixForm [ef] 

**** Computation of the fluctuated spin connection: 
\[Omega]f = dete \ [Omega] .ei.ef /detef ; MatrixForm[\[Omega]f] ; 
MatrixForm [\ [Omega] f [[All, All, 1]]] 
MatrixForm [\ [Omega] f [[All, All, 2]]] 
MatrixForm [\ [Omega] f [[All, All, 3]]] 



**** Computation of the fluctuated torsion 2-form: 

defl2 = FullSimplify [D[ef [[All, 2]], r] - D[ef[[All, 1]], \[Theta]]]; MatrixForm [def 12] 

def23 = FullSimplify [D[ef [[All, 3]], \ [Theta]] - D[ef[[All, 2]], \[Phi]]]; MatrixForm [def 23] 

def 31 = FullSimplify [D[ef [[All, 1]], \ [Phi] ] - D[ef[[All, 3]], r] ] ; MatrixForm [def 31] 

def 00 = {0, 0, 0}; MatrixForm [def 00] ; 

def tilde = {{def 00, -def 12, def 31}, {def 12, def 00, -def 23}, {-def 31, def 23, def 00}}; 

def = Transpose [def tilde, {3, 2, 1}]; MatrixForm [def] ; 



MatrixForm [def 12] 
MatrixForm [def 12] 
MatrixForm [def 23] 
MatrixForm [def 23] 
MatrixForm [def 31] 
MatrixForm [def 31] 



MatrixForm [def [[All, 1, 2]]]; 
MatrixForm [-def [[All, 2, 1]]]; 
MatrixForm [def [[All, 2, 3]]]; 
MatrixForm [-def [[All, 3, 2]]]; 
MatrixForm [def [[All, 3, 1]]]; 
MatrixForm [-def [[All, 1, 3]]]; 



\[0mega]fefl2 = \ [Omega] f [ [All , All, l]].ef[[All, 2]] - \ [Omega] f [ [All , All, 2]].ef[[All, 1]]; MatrixForm[\[Omega]f ef 12] 
\ [Omega] fef 23 = \ [Omega] f [ [All , All, 2]].ef[[All, 3]] - \ [Omega] f [ [All , All, 3]].ef[[All, 2]]; MatrixForm [\ [Omega] fef 23] 
\[0mega]fef31 = \ [Omega] f [ [All , All, 3]].ef[[All, 1]] - \ [Omega] f [ [All , All, l]].ef[[All, 3]]; MatrixForm[\ [Omega] fef 31] 
\ [Omega] fef tilde = {{defOO, -\[Omega]f ef 12, \ [Omega] fef 31}, {\ [Omega] fef 12, defOO, -\ [Omega] fef 23}, 

{-\ [Omega] fef 31 , \ [Omega] fef 23, def 00}}; 
\[Omega]fef = Transpose [\ [Omega] fef tilde, {3, 2, 1}]; MatrixForm [\ [Omega] fef] ; 
MatrixForm [\ [Omega] fef 12] === MatrixForm [\ [Omega] fef [[All, 1, 2]]]; 
MatrixForm [\ [Omega] fef 12] === MatrixForm [-\ [Omega] fef [ [All, 2, 1]]]; 
MatrixForm[\ [Omega] fef 23] === MatrixForm [\ [Omega] fef [[All, 2, 3]]]; 
MatrixForm[\ [Omega] fef 23] === MatrixForm [-\ [Omega] fef [ [All, 3, 2]]]; 
MatrixForm [\ [Omega] fef 31] === MatrixForm [\ [Omega] fef [[All, 3, 1]]]: 
MatrixForm[\ [Omega] fef 31] === MatrixForm [-\ [Omega] fef [ [All, 1, 3]]]; 



Tfa\[Mu]\[Nu] = 2(def + \ [Omega] fef ) ; MatrixForm [Tf a\[Mu]\[Nu]] ; 

Tfa\[Nu]\[Mu] = Transpose [Tfa\[Mu]\[Nu] , {1, 3, 2}]; MatrixForm[Tf a\ [Nu] \ [Mu] ] ; 
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Tfa\[Mu]\[Nu] [[All, 1, 2]] == -Tf a\ [Nu] \ [Mu] [ [All, 1, 2]]; 

Tfa\[Mu]\[Nu] [[All, 2, 3]] == -Tf a\ [Nu] \ [Mu] [ [All, 2, 3]]; 

Tfa\[Mu]\[Nu] [[All, 3, 1]] == -Tf a\ [Nu] \ [Mu] [ [All, 3, 1]]; 

Tf a\ [Nu] b = Tf a\ [Nu] \ [Mu] . ef i ; Matr ixForm [Tf a\ [Nu] b] ; 

Tfab\[Nu] = Transpose [Tfa\[Nu]b, {1, 3, 2}]; MatrixForm[Tf ab\ [Nu] [[All, All, 1]]]; 

**** Verification of the hermlticity of the fluctuated Dirac operator: 
Tfaal = Tr[Tfab\[Nu] [[All, All, 1]]]; 
FullSimplify[Tfaal] ; 

•/. 

True 

Tfaa2 = Tr [Tf ab\[Nu] [[All, All, 2]]]; 

FullSimplify[Tfaa2] ; 

•/. 

True 

TfaaS = Tr[Tfab\[Nu] [[All, All, 3]]]; 

FullSimplify[Tfaa3] ; 

•/. 

True 

**** Determination of the curvature 2-form: 

d\[0mega]fl2 = FullSimplify[D[\ [Omega] f [[All, All, 2]], r] - D [\ [Omega] f [ [All, All, 1]], \[Theta]]]; 

Matr ixForm [d\ [Omega] f 12] 
d\ [Omega] f 23 = FullSimplify[D[\ [Omega] f [[All, All, 3]], \[Theta]] - D [\ [Omega] f [ [All , All, 2]], \[Phi]]]; 

MatrixForm [d\ [Omega] f 23] 
d\ [Omega] f 31 = FullSimplify[D[\ [Omega] f [[All, All, 1]], \[Phi]] - D [\ [Omega] f [ [All , All, 3]], r] ] ; 

MatrixForm [d\ [Omega] f 31] 
d\ [Omega] f 00 = JO; 
d\ [Omega] f tilde = {{d\ [Omega] f 00, -d\ [Omega] f 12, d\ [Omega] f 31} , {d\ [Omega] f 12, d\ [Omega] f 00 , -d\ [Omega] f 23}, 

{-d\ [Omega] f 31 , d\ [Omega] f 23, d\ [Omega] f 00}}; 
d\ [Omega] f = Transpose [d\ [Omega] f tilde, {4, 3, 1, 2}]; MatrixForm [d\ [Omega] f] ; 
HatrixForm[d\ [Omega] f 12] === MatrixForm [d\ [Omega] f [ [All , All, 1, 2]]]; 
MatrixForm[d\ [Omega] f 12] === MatrixForm [-d\ [Omega] f [ [All , All, 2, 1]]]; 
MatrixForm [d\ [Omega] f 23] === MatrixForm [d\ [Omega] f [ [All , All, 2, 3]]]; 
MatrixForm [d\ [Omega] f 23] === MatrixForm [-d\ [Omega] f [ [All , All, 3, 2]]]; 
MatrixForm [d\ [Omega] f 31] === MatrixForm [d\ [Omega] f [ [All , All, 3, 1]]]; 
MatrixForm [d\ [Omega] f 31] === MatrixForm [-d\ [Omega] f [ [All , All, 1, 3]]]; 

\ [Omega] f\ [Omega] f 12 = FullSimplify[\ [Omega] f[ [All, All, 1] ]. \ [Omega] f [ [All , All, 2]] 

- \ [Omega] f [ [All , All , 2] ] . \ [Omega] f [ [All , All , 1] ] ] ; 
MatrixForm [\ [Omega] f \ [Omega] f 12] 
\ [Omega] f\ [Omega] f 23 = FullSimplify[\ [Omega] f[ [All, All, 2] ] . \ [Omega] f [ [All , All, 3]] 

- \ [Omega] f [ [All , All , 3] ] . \ [Omega] f [ [All , All , 2] ] ] ; 
MatrixForm [\ [Omega] f \ [Omega] f 23] 

\ [Omega] f\ [Omega] f 31 = FullSimplify[\ [Omega] f[ [All, All, 3] ] . \ [Omega] f [ [All , All, 1]] 

- \ [Omega] f [ [All , All , 1] ] . \ [Omega] f [ [All , All , 3] ] ] ; 
MatrixForm [\ [Omega] f \ [Omega] f 31] 

\ [Omega] f\ [Omega] f tilde = {{d\ [Omega] f 00, -\[Omega]f \ [Omega] f 12, \ [Omega] f\ \ [Omega] f 31} , 

{\ [Omega] f\ [Omega] f 12, d\ [Omega] f 00 , -\[Omega]f \ [Omega] f 23}, 
{-\ [Omega] f\ [Omega] f 31, \[Omega]f \ [Omega] f 23, d\ [Omega] f 00}}; 

\ [Omega] f\ [Omega] f = Transpose [\ [Omega] f\ [Omega] f tilde, {4, 3, 1, 2}]; MatrixForm [\[Omega]f \[Omega]f] ; 

MatrixForm[\ [Omega] f\ [Omega] f 12] === MatrixForm [\ [Omega] f\ [Omega] f [[All, All, 1, 2]]]; 

HatrixForm[\ [Omega] f\ [Omega] f 12] === MatrixForm [-\ [Omega] f\ [Omega] f [ [All, All, 2, 1]]]; 

MatrixForm [\ [Omega] f\ [Omega] f 23] === MatrixForm [\ [Omega] f\ [Omega] f [[All , All, 2, 3]]]; 

MatrixForm [\ [Omega] f\ [Omega] f 23] === MatrixForm [-\ [Omega] f\ [Omega] f [ [All, All, 3, 2]]]; 

MatrixForm [\ [Omega] f\ [Omega] f 31] === MatrixForm [\ [Omega] f\ [Omega] f [[All, All, 3, 1]]]; 

MatrixForm [\ [Omega] f\ [Omega] f 31] === MatrixForm [-\ [Omega] f\ [Omega] f [ [All, All, 1, 3]]]; 

Rfab\[Mu]\[Nu] = 2(d\[0mega]f + \ [Omega] f\ [Omega] f) ; MatrixForm [Rfab\ [Mu] \ [Nu]] ; 

**** Determination of the curvature scalar: 

Rfa\[Nu]\[Mu]b = Transpose [Rfab\ [Mu] \ [Nu] , {1, 4, 3, 2}]; 

Rf\ [Alpha] \[Nu]\[Mu]\ [Beta] = FullSimplify [ef i.Rfa\[Nu] \[Mu]b.ef] ; 

RiemannF = Rf\ [Alpha] \ [Beta] \ [Mu] \ [Nu] = Transpose [Rf\ [Alpha] \ [Nu] \ [Mu]\ [Beta] , {1, 4, 3, 2}]; 

Rf\ [Alpha] \[Mu]\ [Beta] \[Nu] = Transpose [Rf\ [Alpha] \ [Beta] \[Mu]\[Nu] , {1, 3, 2, 4}]; 

RicciF = Rf\[Mu]\[Nu] = FullSimplify [Tr[Rf\ [Alpha] \ [Mu] \ [Beta] \ [Nu] , Plus, 2]]; MatrixForm[Rf \ [Mu] \ [Nu]] 

gfi = efi. Transpose [efi] ; MatrixForm[gf i] ; 

Rf up\ [Mu] \ [Nu] = gf i . Rf \ [Mu] \ [Nu] ; 

ScalaireF = FullSimplify [Tr[Rfup\[Mu] \ [Nu]]] 



A.3. DETAILS OF SOME CALCULATIONS 
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A. 3. 3 Curvature and torsion obtained in example 2 

We give here after the expression of the fluctuated curvature and torsion 2-fornis related to 
example 2 : 

• Fluctuated torsion 2-form : T = ^ ^T"-^u dx^ A dx^ 



( 



^T\, 



COs(9 + Iy5) 



v^A/(sin(6»+^)+l) 
-cos^(6'+y) 



v^(sin(e+<^)+l)=^/2 

cos(26>)+2sin(e)cos(y)+4cos(6>)sin(y)-l 

2 sm(6»)V2^(sin(6»+^)+l) 



(A.15) 



/ 



^rpa 



23 



-r(3cos(2«5:^)-cos{^)-3sin(2«^)-sin{^))(cos(^)+sin(^))^ ^^ 

2v^(sin(e+<^)+l)^''^ 
r(cos(9)(sin(9)+cos((/3))+2sin(9) sva(ifi)) 

V2A/(sin(l9+^)+l) 

— r COs(6) COS^(6' + ly5) 

x/2(sin(e+^)+l)^''2 



(A.16) 



/T«3i 



/ cos(6'-ip)+sin(2e) \ 
V2A/(sin(e+^)+l) 

(cos(e)+sin(y))^ 

v^{sin(e+^)+l)='/2 

sin(9)— cos((/3) 

\ V2^(sin(e+^)+l) / 



(A.17) 



Fluctuated curvature 2-forni : i? = | ^ R"- 



h jiu 



dx^ A dx'' 



^R 



bl2 




OU 



r(sin(6»+(^)+l) 
csc(6') 

csc(e)cot(6') 



(A.18) 



^i?'^ 



623 






-D 


E 


D 





-F 


-E 


F 






OU 



2cos{9-ip)+sm(2e) 

2(sin(6»+</3)+l) 
cos(6>) /'-I 2 



1 - 



+ 



(sin(6»)+cos((/j))^ 



2 \ " csc{e+ip)+l ' (sin(6»+v')+l)^ 
-2cos(e)cot(6')+sin(26l)sin(y>) 
2(sin(e+y.)+l) 



(A.19) 



^i?" 



631 




OU 



1 



r(sin(6»+^)+l) 
cos^{6) cos((y5)— sin(6?) 

r(sin(e+<^)+l) 
cos(e)(sin(6') cos(<^)+l) 



(A.20) 



48 ANNEXE A. ANNEXES 



Bibliographie 



[BLAOl] BLAGOJEVIC M., Gravitation and gauge symmetries, Institute of Physics Publi- 
shing, 2002 

[CHOOl] CHOQUET-BRUHAT Y. & DEWITT-MORETTE C, Analysis, manifolds 
and physics, NORTH-HOLLAND, 1982 

[FRIOl] FRIOT S., Geometric commutative : unification Maxwell- Einstein, Rapport de stage 
DBA au CPT, 2000 

[G&SOl] GOCKELER M. & SCHUCKER T., Differential geometry, gauge theories, and 
gravity, CAMBRIDGE University Press, 1987 

[lOCOl] lOCHUM B., SCHUCKER T., Diffeomorphisms and orthonormal frames. 



hep-th/0406213v2, 2004 



[KRAOl] KRAJEWSKI T., Geometric Non Gommutative et interactions fondamentales, 
math-ph/9903047, 1999 



[SCHOl] SCHUCKER T., Geometries and forces, hep-th/9712095y l, 1997 
[SCH02] SCHUCKER T., Forces from Gonnes' geometry, |hep-th/0111236| y2, 2001 



[SCH03] SCHUCKER T., Spin group and almost commutative geometry, |hep-th/0007047| yl, 
2000 

[STEOl] STEPHAN C, Noncommutative Geometry and the standard model of particle phy- 
sics. These au Christian- Albrechts-Universitat de Kiel et CPT Marseille, 2005 



49 



